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An example of learning to write digits

Learner is given visual examples of
gheits (b 1.9 3.4 0. 1.2 ..

The task is, when presented another |

(unseen) example, to produce the
images that continue the sequence

Dataset: MINIST

Learning task is unsupervised
(we don’t see the labels)
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Problem can be formulated as a
stochastic process (dynamical system)

Ambient dimension is large (~784) but
the effective dimension is small
(cyclic order of 5 classes)

Challenges:

1) we don’t know the data distributions

2) we don’t know the transition rule
(its” a non deterministic one!)



An example of learning to write digits

Let’s solve it with linear vector valued regression (aka Galerkin projection)

v/ Optimal solution, i.e. E[X,. | X/]

oj/jay3j«joj/jay3j«joj/j2y3j«jo

v Linear regression ~ linear dynamics?!

Eﬁ

v RBF Kernel regression ~ linear dynamics in the RKHS?!

Eﬁ

v CNN classifier features regression ~ linear in a representation space?!
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Regression vs Operator Regression

+ Regression: given (X, Y) ~ puyy learnf: X — % s.t. ¥ = f(X)

+ Optimal solution w.r.t. MSE is the regression function E[Y | X = - ]

+ So, we just learn the conditional mean. Can we learn distribution?

+ Operator perspective: let Eyy: £ iy( Y)— Sfix(% ) s.t. Eyx fJ=E[AY) [ X="]

+ Applying Ey,x to characteristic functions of sets, we obtain probabilities

+ Solving the linear operator regression problem we can predict conditional
probability distributions!




Reminder on Transter Operators

Consider time—homogenous Markov process (X),.+ C X, X, ~u,, ie.
[ [ +t\X<S] = [ X ] independent of s, s+¢ € T, which is described

+ in discrete time (T=N & s=1) by transfer operators Ex |y =E[[ - [(X;y;) [ X{]

+ in continous time (I=R ) by TO semigroup (Ey |x):>0

+ and when is stationary (V7€ T)(u,=x), by linear dynamical system in a
function space i.e. for A,.=FEy ¢ z 2(51" ) — 5/” 2(31" ) and % d//tt/ dﬂELz(&" )

= 2 ST mus e s et \\)\
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7= (A*)q,tEN and q,=e' q,tet , where L hm_> +(A —I)/t
k& [ O [ () -+ f () =
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since

(Gs1s af)Lg(gx)— =[f(X )] = E[E[AX ) | X]1=(q, tf>L2(5Z)— <A ds af)LZ(SZ")
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General learning pipeline

EMBEDED
DATA

* Regression can be w.r.t. various

‘A. e DYNAMICAL *
Sreomoemon | SYSTEMINLINEAR
OPERATOR FORM 4

Representation a priori chosen or
learned

losses and regularisation types

e Both can be w/ o prior knowledge

* We might care of various tasks
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Reminder on SLT of operator regression

Since we don’t know L(2") we restrict A, to a chosen hypothesis space # and
look for an operator G : # — # such that A (w, ¢( - ))~{(Gw, @(-)), leading to
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Reminder on SLT of operator regression

Since we don’t know L(2") we restrict A, to a chosen hypothesis space # and
look for an operator G : # — # such that A (w, ¢( - ))~{(Gw, @(-)), leading to
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What is the optimal representation?

Typically we have two situations, # is either finite or infinite-dimensional RKHS
+ RKHS is a span of dictionary of functions, i.e. Z =span(z;);c(;; C 2 7%(5[ )

+ Representation error is controlled by letting d — oo

+ Without the prior knowledge, the representation error is a bottleneck

+ RKHS # is given by some universal reproducing kernel k: X XX — |

+ No representation error, i.e. ||(/=Py)A;_|lg.572=0

+ Learning guarantees depend on the effective dimension of # in Z(Z),
and the regularity of A, w.r.t. Z (the devil is in the tail eiegenvectors of covariance)



What is the optimal representation?

Typically we have two situations, # is either finite or infinite-dimensional RKHS
+ RKHS is a span of dictionary of functions, i.e. Z =span(z;);c(;; C 2 7%(5[ )

+ Representation error is controlled by letting d — oo

+ Without the prior knowledge, the representation error is a bottleneck

* Representation desiderata:

+ control the representation error, i.e. |[(/ —P%)At‘%H o P2

+ approximate well the operator P, A, = A,
+ align the geometries of # and L4 X),ie. C~ I




What is the optimal representation?

+ When A, is compact, the good choice for #Z is its leading left singular subspace

+ the representation error is in general controlled [|(/ —P%)Atl%H w2 < Oy

and if A¥A, = A,A* it is not even present
+ we approximate well, since Py, A, is the best rank-d approximation of A,

+ the geometry of # and Z%(X) are the same since the orthonormality of the
singular functions implies C =/

+ The general problem is to learn the SVD of EY‘ T, ’ e : havmg only the

——— e e e

R ( We can est1mate ( f EY‘Xg)z ; —[ f(X)g(Y )]
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Linear Algebra meets Neural Networks

+ We can learn Ey y= Z o:u;: ® v; with neural networks (0 u , V: )le[d]

1EN)
via ditferent variational principles
+ Deep projections (ICLR2024): ”CWCXYCWHF = HCXyHF/(chﬂ HCYH)
(ufl‘}lii([d] HP% EY‘XP% HHS(SZZ sz ) Cy_ X, Y)[M(X)V(Y)T]

+ Eckhart-Mirsky-Young (NeurIPS2024): | tr(ZCyZCy—2ZCyy)

N\
‘ i — ——

: 2
min ||Eyx— Y, 0% ® Villiszz o2 )~ IEyxllise, o2 )

(6 U, vl)ZE[d]

subject to Cy= —X[u(X)u(X)T] =/land Cy= —Y[V(X)V(X)T] =1




Linear Algebra meets Neural Networks

. R et Sl R R e R T e R e e
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LEARING THE REPRESENTATION OF CONDITINAL PROBABILITY | [ 0ss functional (cross-correlate):

Iy iid 2 2 / : 2
(6,1, (L Y7) = p L u vy s)=% (qulag(s)v’) +% (u Td1ag(s)v)

x,x' iid batches Y, y'iid batches

Ug cross-correlate Vg

—(u— u’)Tdiag(S)(v—v’)

J Orthogonality constraints (uncorrelate):
R(u, u',v,v)=(u'u)* = (u—u) (u—u)

+O0 VY - =) (v=v)+2d

K uncorrelate f
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Regression in the representation space via SVD: Le arned truncated SVD
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Back to the example of digits. -
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Other examples...

—-—=- Reference —— DPNets —relaxed DynamicalAE = DMD Oracle-Features
\ — DPNets VAMPNets ConsistentAE ~ ==--- KernelDMD  =—— PINNs

NOisy LogiStiC [ I ] ap | Logistic map spectral error _ 0.20 Ordered MNIST Accuracy DPNets-relaxed
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* Folding of a mini-protein in water
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What about theory?

Key advantages of representation learning + regression:

(1) It extracts statistics directly from the trained operator without retraining
or resampling

(2) We get best of both worlds kernel methods (strong statistical theory)
and DL (representation power of NN architectures)

Fundamental
Statistical Limit

Bias Statistical Error

®® @)

Optimisation Error

e
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Physics-informed learning with the generator

P

/ 4 Family of TOs A, : SZ%(SX ) — 372,(51" ), t > 0, forms a continuous semigroup characterised by the infinitesimal generator (IG) \

’ L= 111(1)1+ A, —~D)/t: ALY —> LX), an unbounded operator with dom(L) = {fe 7o Zie[d]\\aiﬂ@%< oo} given by |
«« (Lf)(x) = V) a@o)+5Tr[bx)(VAf(x)b(x)], Vf € dom(L) 1
l

L S —

When the process is additionally time reversal invariant, |G is self-adjoint operator that introduces kinetic energy kernel,
which often can be written in the Dirichlet form s: R? — R”

— —

' 4 Spectral decomposition of IG allows one to efficiently handle both, that is L = ZZO A1 & . implies

L-:

|
K C,lf.8] = = (f,Lg) 7=, Vf(x) s(x)s(x)" V g(x)n(dx) Gy f(X) = Ey_|Is(X)T VAX)|? )
(/4]— L)_l — ZZO r(ﬂ—;li)_f]g ®fl ‘[f(Xt) |XO = x| = ZieN ellit<f9fi>372[ fl(x) (Vf) (Vx) (V1)

// Solving an SDE: from 1G to TO and back with 1G’s exponential and resolvent operator, both bounded operators
Hence, to build kinetic models we need to learn leading eigenpairs of IG. Since the obvious choice of Galerkin projections ’
Ksuffers from spurious spectral estimation due to unbounded nature of L, we approach the problem through the resolvent. //

| A, = e R,=ul-L)y"'= | O+°° Aetdt, >0




Physics-informed learning with the generator

—— e —— w— — e _ __ S—

// When estimating the largest eigenvalues of the resolvent Rﬂ fi=v.f;, the quality of estimator’s decomposition éle = ﬁlfzi s

. determined by the alignment of norms in the domain 77 ={f € dom(L) | ||f||¢y < oo} and # and the estimation error. |
| R R R A ) - |
|y, — D;| < &(G) n(h;) = Wetric distorsion: ||l / illo @2 - 7%\
v | o W R, ‘
Estimation error: Representation error Estimator’s error o \ Hlgr

6(G)= HRM%—GH%_W/ < ||(I—P%)Aﬂ|%||%_w T ||P%R,,¢|%—G||y/_>7/ @ J‘ ~

) € 4 G

K Projection operator: Py, f = argmin, o, ||f — h||s,, f€dom(L) Lk /)

= e = e — _

{KWhat is the good choice of geometry to make efficient and reliable algorithms ?




Physws—mformed learning with the generator

— e - — — m— e — —

/ When estlmatlng the largest eigenvalues of the resolvent Rﬂ fl U f the quallty of estimator’s decomposmon Gh = 1/ h 1S N
| \

determined by the alignment of norms in the domain 77 ={f € dom(L) | ||f||¢y < oo} and # and the estimation error. |

|I/i o ﬁl‘ < %(é) W(ili) —» Metric distorsion: HII;LZ-H%/ H}AZZ.H%/ 37%

v

Estimation error: Representatlon error Estimator’s error

E(G)= HRﬂ|%—éH%_>W < lU-Px)A

ﬂ|%,||%—>7/ + ||P% |%—G||y/—>%

K PrOJectlon operator: Py, f = argmmhe% ||f h”%» fedom(L) K

4 Since R, is bounded we can learn it via regresswn in RKHS, however computing ts actlon by inverting, i.e. integral transform )
is not feaS|bIe' So, we fight fire with fire by adapting /4

HfHW (/> (ﬂI L)f>§zz— XNn[ﬂ‘f(x)‘

[

. RG)= @;N,,Hxﬂ(X) G*qb(X)ll%_HR ; GHHS(%%

o

\\that balancesihe inverse Z(G)=|| R/}/Z_ R~ 1/2GHHS(% 72y N and can be efficiently empirically minimised in closed form //




Physics-informed learning with the generator

< Summary of guarantees for RRR with universal bounded kernel compared to SOTA

Aspect Cabbanes & Bach 2024 Hou et al. 2024 Pillaud-Vivien & Bach 2023 Our work
Covers many SDEs X (only Laplacian) v X (only Langevin) v
Risk metric L2 (X) metric L2 (X) metric L2 (X) metric energ
Physics-informed method X v (full info. needed) X v (partial info. needed)
Avoids spurious eigenvalues X X X v
aTCEsy) _ d? _1 O(n~ 2(aciﬁ)), a>T
IG error bound O(n™ 2@+D) Var = (’)(72\/5) O(n~1) O~ ), a < 1
Spectral rates X X X v
Time complexity O(n? + n3/2d) O(n3d?) O(n3d?) O(r n?d?)
Cox-Ingersoll-Ross 1D Langevin SDE 2D Langevin
s | 1.0 2.0 -
107! 5 \\ 20 - e 1.5 1
W 0.6 - .01
g 15 .92 1.0
e n-036 1o - 0.4 -
0.5 1
: 0.2
1072 E oLm e - 0.0 0.0 A
e ~100 -75 -50 -25 00 -10 -05 0.0 0.5 1.0 ! ' ! ' i ' ' ' '
Eigenvalue -1 0 1 et | 0 1 -1 0 1

number of samples

non-spurious spectra  eigenfunction estimation o
learning rates g P 7 |G vs TO sample efficiency



Physics-informed learning with the generator

* PI representation learning (time-reversal invariant process in equilibrium)

// 9

+ EMY principle w.r.t. | — P b e e—

’, 1di(z)} 0 {\Ilj(d(:c))}
energy norm

Choose a Run bias Characterlze the
, , Learn a Regress the Compute
molecular S|mulat_|on with system using representation generator eigenpairs
* I ear S ] i e tiC 1 el system to study suboptimal CV descriptors

fr()m static data o ) First elgenfunctlon (DE aw ) First elgenfunctlon blaseg.afta
| 175
+ Neatly combined with 2 :
enhanced sampling | L 4
(control the process | %252 : X ) e * 3
to discover meta-stable | o T iEs 1.'50w 5 oo T i 1.som 175

d(ASP3N-GLY70) d(ASP3N-GLY70)

S tates) We tested our method on a 1.5 long biased simulation and compared it
\\ to the results obtalned when tralnmq on a 107 ,us unblased S|mulat|on

— —— — — — — = —
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Code: https://github.com/Machine-Learning-Dynamical-Systems/kooplearn
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